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A new subgrid (subscale) finite element method is proposed, which is termed as the variational eigenstrain
multiscale formulation. It combines the essential ideas of Hughes’ variational multiscale formulation with
Eshelby’s inclusion theory and Mura’s equivalent eigenstrain principle.

The so-called variational multiscale method invented by Hughes (Hughes et al [1995][1998]) is a computa-
tional paradigm that is capable of dealing with multiscale phenomena. On the other hand, the so-called
equivalent eigenstrain principle, which was established by Eshelby (Eshelby [1961]) and was later per-
fected by Mura (Mura [1987]), is a homogenization method in micromechanics that has been used in many
engineering applications.

By synthesizing variational multiscale method with the equivalent eigenstrain principle, we have developed
a new finite element formulation that can automatically homogenize its own discretization errors so that it
may attain better accuracy in a coarse scale finite element computation than that of unhomogenized coarse
scale computation. The paper provides the theoretical foundation of the method as well as a numerical
example that validates the proposed variational eigenstrain multiscale method.

The basic idea of the new method is :

The residue strains of coarse scale solution are viewed as a form of eigenstrains due to numerical discretiza-
tion, which are used to derive a correction displacement field that is viewed as the fine scale solution. By
homogenizing the two scale, one may derive an self-adjusting weak formulation that is capable to minimize
discretization error for a give mesh.

In this approach, one finds the fine scale solution by utilizing Eshelby’s eigenstrain formulation or single
inclusion solution. By substituting the fine scale solution into the coarse scale weak formulation, one can
find a new homogenized coarse scale weak form, and subsequently, one can solve the homogenized coarse
scale problem and obtains numerical solution with better accuracy.
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